A FURTHER GENERALIZATION OF THE
SUMMATION METHOD TREATED IN
CHAPTER V *

Leonhard Euler

§167 To cure the defect of the summation method we treated before, in this
chapter we will consider series of such a kind , whose general terms are
more complex. Since the expression found before in the case of geometric
progressions, even though by means of other methods they can most easily be
summed, does not yield the true sum in terms of a finite formula, series of
such a kind whose terms are products of terms of a geometric series and an
arbitrary other one will be contemplated here at first. Therefore, let this series
be propounded

1 2 3 4 x
s =ap+bp* +cp® +dpt + - + yp’,
which is composed of the geometric series p, p?, p* etc. and another arbitrary

series a + b + ¢ + d + etc., whose general term or the one corresponding to
index x is = y, and let us investigate the general term for the value of its sum

s = S.yp*.

*Original title: “ Methodus summandi superior ulterius promota”, first published as part of
the book , Institutiones calculi differentialis cum eius usu in analysi finitorum ac doctrina serierum,
1755”, reprinted in in ,Opera Omnia: Series 1, Volume 10, pp. 368 - 395 “, Enestrom-Number
E212, translated by: Alexander Aycock for the , Euler-Kreis Mainz”



§168 Let us do the calculation the same way as we did above, and let v be
the term preceding y in the series a + b + c 4 d + etc. and A the one preceding
a or the one corresponding to the index 0, then vp*~! will be the general term
of this series

1 2 3 4 x

A=ap+bp*+cp+ - + yp*;
if its sum is indicated by S.vp*~!, it will be

Sop*! = ;S.vpx =Syp* —yp* + A.
But because it is

o dy ddy Py | dYy &y
v=yT dx + 2dx2  6dx3 + 24dxt  120dx5

+ etc.,

it will be

x X 1oy lody o 1 ddy
Sypt —yp —}—A—?S.yp ;S —xp +55.ﬁp
X

d
LBy 1 gy

_@ 'dx3p +24P 'dx4p — etc.

From this it is

X _ 1 x+1 _ dl X ddy X d3y
Syp* = - (yp Ap S.dxp +S.2dx2p S'6dx3 + etc.

Therefore, if one has the summatory terms of the series whose general terms
3
are %p" , %p", %px etc., from them one will be able to define the summatory

term S.yp*.

§169 Therefore, one will be able to find the sums of the series whose general
terms are contained in this form x"p*. For, let y = x"; it will be A =0, if it is
not n = 0, in which case itis A = 1, and since it is

dy _ ,q ddy _n(n-1) ,, dy nmn-1)(n-2) , .,
™ we T 12 Y e 123 ¢ o




it will be

(n—-1)

Sx"pt = 1 W= Ap S hpt 4 1-2 S.x"2p*
| S e 11;(”;— 2 S‘xn_3px + e 11)(Z _32)4(” =3) S.x”_4}9x — etc.

From this form now by successively substituting the numbers 0, 1, 2, 3 etc. for
n one will obtain the following summations; and at first, if it is n = 0, it is
A =1, but in the remaining cases it will be A = 0.

1 pt—p  pp*-1)

H(P p) = p—1 = p—1 '

which is the known sum of the geometric progression;

x+1

Sxp* = S.p* =

xpx+1 px+1 —p

Sxp* = (xp*™ = S.p*) =

p—1 p—1 (p—1)
or
X X _ 1)
sapt = PP (Pt -1
P11y
S.x%p* = pil(xzp’”rl —2S.xp* + S.pY)
or
syt = P 2pt L p(p (1)
' p—1 (p—1) (p—1)
Further, it is
S.x3p* = ; i (Pp* ! —3S.x%p* + 35.xp* — S.p¥)
or
satpr = SPTL_3ep 3(p T plpp+ap+ D (pt 1)

p-1  (p—1p (p=1)° (p—1)*
and proceeding further this way one will be able to define the sums of the

higher powers x*p*, x°p*, x®p* etc.; but this is done in a more convenient way
by means of the general expression we will now investigate.



§170 Since we found that it is

3
S.ypx:pil <ypx+1—Ap—S.Zyp —I—Szdddyp S6ddy3p —I—etc)

where A is a constant of such a kind that the sum becomes = 0, if one puts
x = 0 (for, in this case it is y = A and yp**! = Ap), we will be able to omit
this constant, if we only continuously remember that to a certain sum always a
constant of such a kind is to be added that having put x = 0 the sum vanishes
or that another certain case the correct sum is obtained using our summation
formula. Therefore, let us put z instead of y and it will be

p*tiz 1 Ldz 1 ddz 1 4%z

X

=1 1P ax T ap—0 o ae e -1 ao

Sp'z=

1 Ldiz 1 4%z

Y- i T -1 @

+ etc.

Furthermore, let us successively put gi, Zig, §x§ etc. instead of y and it will be

prdz _ p* dz 1 pddz 1 prdz
S. ix T p-1 dx p—lS' 102 +2(P—1)S' 1 etc.
pxddz B px+1 % B 1 pdeZ 1 pxd4 B
S dx2  p—1 dx2 p—1""dx3 * Z(p—l)s i ot
pde B px—i-l & B 1 pxd4z 1 pde B
STE T p—1 dx® p—1"" dx* +2(;9 )S ie ot
etc.

Therefore, if these values are successively substituted, S.p*z will be expressed
by a form of this kind

px+1Z B (pr—i-l prx-H ddz ’)’Px+1 d3
p—1 p-1 dx p—1 dx®2 p—1 dx®
5px+1 ‘ ﬁ B E_:thLl . dSZ
p—1 dx* p—1 dxd

S.p'z=

+



§171 To define the values of the letters &, 3, 7, J, € etc. for each term substitute
the series found before, namely,

p iz 1 . pidz 1 p*ddz 1 pd’z
7}0_1 =Sp'z —|—p_1S. Ix p 1) +6(p—1)s' 13 etc.
pldz  _ ptdz 1 piddz 1 p*d3z
—1dx 7 dx -1 dx 2(p—1)  dx '
) ) 7 +P S 12 e >S I3 + etc
pddz  _ p*ddz 1 p'dz
CE S. 1 + - 1S. 13 etc.
pddz pFdz
= 1dx3 =953 + etc.
Therefore, we will have
S.p*z=S.p*z
1 _ pYdz 1 p*ddz 1 prd3z 1 prdiz
T A=) a2 T elp=1) > d@  2(p—1) dd o
. o L o
p—1 2(p—1) 6(p—1)
p B
+ + 2 -
P p-1 2(p—1)
_ __r
Y p—1
4+

whence the following values of the coefficients «, B, 7y, J etc. will be obtained

uc——l ﬁ——l oc+1 - ﬁ—kﬁnL1
“p-1 Py 2) 7Ty 2"6)
1 B a 1 1 Y. B o« 1
0= —1<7+2+6+24)’ g_p—l<5+2+6+24+120>
etc.



§172 For the sake of brevity, let ﬁ = gq; it will be

=g

1 1
P=aq+79=099+5q

1 1 3 1
7=ﬁ+§¢w+50/=q +taq+ &g

5=+ Bt agt g =gt P L

R VRN RITINE JPURUIN SN Sy S PRI e S I
3 _(5q+2'yq+6,8q+24ocq+120q—q +2q +4q +4q +120q
5. 13, 3 31 1
_ 46 v 5 -~ 4 v 3 o2 -
CET T TG T T AT T 30T T 720"
etc.
or express them this way
_1
“T
_2q99+4q
=73
_ 67’ +64° ¢
T 1-2-3
5 — 247" +360° +144° + ¢
- 1-2-3-4
. 120g° + 2404* + 1504° + 304> + q
- 1-2:3-4-5
[ - 720g° + 1800g° + 15604* + 5404° + 624° + g
- 1-2-3-4-5-6

504047 + 151204° + 168004° + 84004* + 18064° + 1264° + q
= 1234567

etc.,

where the coefficient 16800 results, if the sum of the two above ones, 1560 +
1800, is multiplied by the exponent of g, which is 5 here.

§173 Let us substitute the value ﬁ for g again:



1

T

_ p+1
P=120p -1y

_ ppti4p+1
TT1 2 3(p 12
5:P3+11p2+11p+1

1-2-3-4(p—1)*
. _ Pt+26p° +66p +26p° +1
1-2-3-4-5(p—1)5
p> +57p* +302p° + 302p* +57p + 1
¢= 1-2-3-4-5-6(p—1)8
p® + 120p° 4+ 1191p* + 2416p3 + 1191p% 4+ 120p + 1
1-2-3-4-5-6-7(p—1)7

etc.

The structure of these formulas is that, if any term is set

pn72+APn73+BPn74+CPn75+Dpn76_|_etc_

- 1.2:3 - (n—1)(p—1)n1 /

it will be
A=2"1_pn

_an=1_ . »n-1 1’1(11 1)

=3 n-2 + 12

_ _ -1),,.4 nn—1)(n-2)

— 4" 1_ an-1 l’l(l’l on 1
¢ 3T 123
bty gt M D m = D(=2) (= 1)(n=2)(n3)

1-2 1-2-3 1-2-3-4
etc,,

whence these coefficients a, B, 7y, J etc. can be continued arbitrarily far.

§174 But if we on the other hand consider the law, according to which
these coefficients depend on each other, it will easily become clear that they
constitute a recurring series and result, if this fraction is expanded



1

u_wr o ws ut - ’
=55 — 21 ~sp-1 ~ mp-n et

for, this series will result

14 au+ Bu? + yu + ou* + eu® + Cub + etc,;

put that fraction = V, and because it is

V= p-1
p—l—u—%—’?—%—ete
it will be
y=r—1
p—e

where e is the number whose hyperbolic logarithm is = 1. And if the value of
V is expressed by means of a power series in u, this equation will result
V =1+ au+ pu® + yu® + ou* + eu’ + Cub + etc.,

whose coefficients &, B, v, § etc. will be those, we need in the present task.
Therefore, having found those, it will be

x+1 3 4
5_1 ( Ldz + pddz — 4’z + od’z —etc.) + Const.,

Spz= 2T dx? dx3 dx*

which expression therefore is the summatory of this series

ap +bp* +cpd + -+ pz,

whose general term is = p*z.

§175 Since we found thatitis V = P—L it will be

p,eu 4

et — pV—p+1
Vv
and by taking logarithms it will be

u=In(pV-p+1)—InV



and hence by differentiating

(p—1)av

e Vo V17

whence it will be

(p—1)dv

2 _ —

Therefore, since it is

V =14 au+ Bu® + qyu’ + du* + eu® + etc.,
it will be

pV2 =p + 2au + 2Bpu® + 2ypud + 25put  + 2epu® 4+ etc.
+ a?pu? + 2uBpu® + 2ayput + 2aépu® + etc.

+ BBput + 2Bypu’ + etc.

(p—1)V=(p-1+alp—Du+p(p—1)u*+(p—1)u’
+6(p — Du* +e(p — 1) + etc.
(p—1)dv

7 =(p—1Da+2(p—1)Bu+2(p—1)yu>+4(p —1)6u®

+5(p — 1)eu* +6(p — 1)qu’ + etc.,

equating which expressions one will find

I(lp—1a= 1

2(p-1)p=ua(p+1)
3(p—1)y=pB(p+1)+a’p

4(p—1)6 =v(p+1)+2app

5(p—1)e =d6(p+1)+2ayp+pPp
6(p—1)f =e(p+1)+2adp +2Byp

7(p =1y =C(p+1)+2aep +2Bop +y7p

etc.



from which formulas, if a given number is assumed for p, the values of the
coefficients «, B, 7y, § etc. can be determined more easily than from the rule
we found first.

§176 Before we consider special cases of the value p, let us put that it is
z = x" such that this series has to be summed

S:p_|_2np2_|_3np3+4np4+'“_|_xnpx’

and by the expression found before it will be

P oa P w1, pPtp nn-1) ,,
N R e N e R O R
T _PHAptp a1 =2) s
(p—14 1.2.3 ere

£C, which renders s = 0, if one puts x = 0.

Therefore, by successively substituting the numbers 0, 1, 2, 3, 4 etc. for n it
will be

P
px p
p(v V>+ (p—1)2
2 x px (P+U> P+1
SEp = <P (p—1)°
= <Px B 3mf L 3p(ptDx zﬁp+4p+w>%j%ﬁ+4p+l)
p V (p—1)° (p—1)* (p—1)*
A = < pxt 4px 6p(p+1)x*  4p(p* +4p+1)x N p(p3+11p2+11p+1))
-1 (p—1)p (p—1)* (p—1)°
p(p® +11p +11p+1
(p—1)°
5 . px+1x5 5px+1 4 10(p_|_1)px+1x3 (P +4P+1)Px+l 2
Sx’pt = — +
p—1 (p—1)? (p—1)° (p—1*
5(p° +11p* +11p + p*Hx  (p* 4-26p° + 66p* +26p +1)(p** — p)
(p—1)° (p—1)°

10



px-‘rlxé 6px+1x5 15(]9 + 1)px+1x4 B 20(p2 +4p + 1)(px+l o p)

S.x0p* = — +
P01 (p-1p (p—1)° (p— 1)
15(p° + 11p2 + 11p + 1)p* 2% 6(p* + 26p° + 66p? + 26p + 1)p*+lx
+ 5 - 6
(p—1) (p—1)
_%(PS%-57p4%-302p3%—302p2%—57p-+])(px+1——p)
(p—1)
etc.

§177 Therefore, it is understood, if z was a polynomial function of x, that
then the sum of the series whose general term is p*z can be exhibited, since
by taking the differentials of z one finally gets to vanishing ones. If this series
is propounded

xXx+x

p+3p°+6p> +10p*+ - + 5 P

because of

Lot dz 1 a ddz
2 dx 2 dx?
the summatory term will be

prti (1 1 2x+1 p+1 ) p ( p+1 1 >
s = XX+ SX — + - -
p—1\2" 27 2(p-1) 2(p-1)2) p 2(p-1)* 2(p-1)

or

—3) 1 p
s — x+1 ( xx + (p + ) - )
SERCICENRFITEN SRS UANE
But if z was not a polynomial function, then this expression of the summatory
terms runs to infinity. So, if z = %, that this series is to be summed

1 1 1 1
s=ptosptgp gttt or

because of
d_ 1 diz_2 dz_ 23 iz 234
dx  xx’ dx2  x3 dx3 x4 dxt xS '

this summatory term will result

11



. p*tl (1 1 p+1 pp+4p+1  pP4+11p2+11p+1

-1z D2 (- (p- 1) (p— 1%
In this case the constant C can therefore not be defined from the case x = 0;
to define it, put x = 1, and since it is s = p, it will be

B pp ( 1 p+1 pp+4p+1 >
C=p——""—1(1+ + + + etc. | .
P p—1 (p—-12  (p—1)°

§178 From these things it is perspicuous, if p does not denote a determined
number, that hardly anything of use to exhibit the sums of series approximate-
ly follows from this. But at first it is plain that one cannot write 1 for p, since
all coefficients a, B, 7y,  etc. would become infinitely large. Therefore, because
the series we treat now, goes over into that one we already contemplated
before, if one puts p = 1, it is surprising that this case cannot be found as
the most simple case from this general expression. Then, on the other hand
it is also notable that in the case p = 1 the summation requires the integral
| zdx, although in general the sum can be exhibited without a single integral.
So it happens that, while all the coefficients «, B, 7y, J etc. grow to infinity, at
the same time that integral formula is enters the expression. And this case,
in which p = 1, is the only one to which this general expression found here
cannot be applied. But even in this case the general formula is not to be
considered to be wrong; for, even though the single terms become infinite,
nevertheless all the infinities indeed cancel each other and a finite quantity
remains which is equal to the one we found by means of the first method
what we will elaborate in more detail below.

§179 Therefore, let p = —1 and the signs in the series to be summed will
alternate
1 2 3 4 x
—a+b—-—c+d—--- £z

where z will be affirmative, if x was an even number, but negative, if x is an
odd number. Therefore, having put

—a+b—c+d—---Ltz=s5s,

12

+ etc.> +C.



it will be

1 ( _adz | pddz  yd’z | bd*z

5= ii dx dx2 dx3 dx?t

where the upper of the ambiguous signs hold, if x is an even number, the
other, if x is an odd number. Therefore, by changing the sings, it will be

— etc.) + C,

_adz | pddz vd3z  6diz
dx — dx2  dx®  dx*

a—lH-c—d+e-f+~--ﬂFz:ﬂF1 <z —etC~>+Cf

2

where the ambiguity of the signs follows the same rule.

§180 In this case the coefficients a, B, v, J, €, { etc. can be found from the
values given before by putting p = —1 everywhere. But they will be found
more easily from the general formulas given in § 175 from which it is at
the same time understood that each second of these coefficients vanish. For,
having put p = —1 these formulas will go over into

—20=0, —48=0, —6y=0-—a>, —85 =0—2aB,

—10e = 0 —2ay — BB, —120 =0 —2a6 — 2By etc.

whence, because = 0, it also will be 6 = 0 and further { = 0, # = 0 and the
remaining letters will be determined in such a way that it is

1 2 2 2 2 2

6 10’ 14 18 ete.

§181 That this calculation can be done in a more convenient way let us
introduce new letters and let

A B c

etc.

And the sum exhibited before will be

13



L. Adz Bd®z N Cd°z B Dd”z
T2 1 2dx 123443 1-2--6d5 1-2.--8dx7

+ etc.) + C.

But the coefficients will be defined from the following formulas

1A =1
4. AA
3B :éé E
SC:éIB':;‘AB 8-7-6-5 BB
etc.,

which can be represented more easily and more accommodated to calculation
purposes in this way

A=1
AA
=2
2
C=3-AB
6-5 BB
D=4.-AC +4 32 ‘7
8-7
E =5-AC 5. — .BC
+ 3-4
10-9 10-9-8.-7 CC
F=6AD+6 573 BD+6- 3056 2
12-11 12-11-10-9
etc.

Therefore, having done the calculation one will find

14



A=1

B =1

C =3

D =17

E =155 =5-31

F =2073 =691-3

G =38227 =7-5461 :7‘1273£

H =929569 = 3617 -257
I = 28820619 = 43867 -9 -73

etc.

§182 If we consider these numbers with more attention, from the factors 691,
3617, 43867 one can easily conclude that these numbers have a connection to
the Bernoulli numbers exhibited above [§ 122] and can hence be determined.
Therefore, to anyone investigating this relation it will soon become clear that
these numbers can be formed from the Bernoulli numbers 2, 8B, ¢, ©, ¢ etc.
the following way:

A=2-1-32A =222 -1
B=2-3.5%8 =228 —1)B
C=2-7-9¢ =202°%-1)¢
D=2-15-17D =228 —1)®
E=2-31-33¢ =22"-1e
F=2-63-675 =2022%-1)F
G=2-127-129¢ =202 -1)%
H=12-255-257% =22 -1)%

etc.

Since the Bernoulli numbers are fractions, but our coefficients on the other
hand are integers, it is plain that these factors always cancel the fractions and
they will therefore be

15



A =1

B =1
C =3
D =17

E =5-31=155

F =3-691 =2073

G =7-43-127 = 38277

H =257-3617 = 929569

I =9-73-43867 = 28820619

K =5-31-41-174611 = 1109652905

L =89-683-854513 = 51943281713

M = 3-4097 - 236364091 = 2905151042481

N = 27318191 - 8553103 = 191329672483963

etc.

Therefore, using these numbers one will vice versa be able to find the Bernoulli
numbers.

§183 Therefore, by applying these Bernoulli numbers to the propounded
series

1 2 3 4 5 X
a—b+c—d+e—---Fz

the sum will be

1 (22 -1DAdz  (2* —1)Bd*2 (26——1)€d5z__(28——1y9d7z_kek: + Const
T2 1-2dx 1-2-3-4dx3  1-2---6dx> 1-2---8dx7 ' '

But hence it is understood that these numbers do not enter this expression
accidentally; for, as the propounded series results, if from this one

a+b+c+d+---+z

16



where all terms have the sign +, the sum of all second terms b +d + f + etc.
is subtracted twice, so also the found expression can be resolved into two

parts of which the one is the sum of all terms affected with the sign + which
will be

/de R Adz Bz N Cd°z

2 1-2dx 1-2-3-4dx3  1-2---6dx>
But the sum of all second terms is found the same way we did it above [chap.
V]. Since the last term is z corresponding to the index x the one corresponding

to the index x — 2 will be

— etc.

2dz  2%ddz 23437 2447
Tk T12d 12340 T1-2-34dd
which form results from the other expressing the preceding term, if one writes
5 instead of x. Therefore, one will have the sum of all the second terms, if in

the sum of all terms one writes 5 instead of x everywhere; therefore, this sum
will be

—etc.,

1 /de L 12 n 2dz 23Bd3z n 2°¢d°z

2 27 1-2dx  1-2-3-4dx3  1-2---6dx°
if its double is subtracted from the preceding while x is an even number or if
the preceding sum is subtracted from the double of this one, if x is an odd
number, the residue will show the sum of the series

—etc,;

1 2 3 4 5 x
a—b+c—d+e—---Fz

which will therefore be

27 1-2dx 1-2-3-4

which is the same expression we just found.

2 4 3
$(1+(2 1Adz (2 1>%d2+ete.)+c,

§184 Take a power of x for z, namely x", so that one finds the sum of the
series

1-2" 43" —4" ... — £x"

17



Because of

Az n_, 4 d®z nn—1)(n—-2) ,_;

dx 17 7 1.2.3dx  1-2-3
by using the coefficients A, B, C, D, E etc. it will be

etc.

A .4 B nn-1)n-2) ,5 C nn—-1)n-2)(n-3)(n—4) ,_
n S.n=1_ = n—3 ~ . n—>5
1 g 4 12.3 T 1.2.3-4-5 X
2 D nn-1)---(n—6)

x"~7 + etc. + Const.

8 1-2...7

where the upper sign holds, if x is an even number, the lower on the other
hand, if it is an odd number. But the constant has to defined in such a way that
the sum vanishes, if x = 0, in which case the above sign holds. By successively
substituting the numbers 0, 1, 2, 3 etc. for n the following sums will result

1 1
L 1—1+1—1—|—---:|:1::F§(1)+§;
if the number of terms was even, the sum will be = 0, if odd, it will be = +1.

1 1\ 1
II. 1—2+3—4+”.¢x_¢2<x+2>+4,

if the number of terms is even, the sum will be = — %x and for an odd number
of terms = —|—%x + %

1
Iﬂlff+§—¥+m$ﬁ:$ﬂf+@
1

for an even number = —5xx — %x and for an odd number = +%xx + %x.

1 1 1
IV. 1—23+33—43—|—~--$x3::|:§ <x3—|—;xx—4)—8;

for even number of terms = —%x3 — %xz and for an odd number = %x3 +
3.2 1
Zx -z
4 4 4 4 1, 4 3
V. 1-2"43"—4"+...Fx ::FE(X —2x° — x);
for an even number of terms = —%x‘* —x3 4 %xz and for an odd number

_ 1.4 3 1
= 5X +x 2xetc.

18



§185 Therefore, it is clear that in the even powers except for the case n = 0 the
constant to be added vanishes and in these cases the sum of an even number
or an odd number of terms only differs in regard of the sign. Therefore, if x
was an infinite number, since it is neither even nor odd, this consideration is
not valid and the ambiguous signs are to be rejected; therefore, it follows that
the sum of series, if they are continued infinity, of this kind are expressed by
means of the constant to be added alone.

Therefore, it will be

1-1 +1 -1 —|—etc.toinfinity:+%
A (22—1)Ql

1-2 +3 —4 +etc =+ =+
1—224+3%2 42 1 etc. =0
4
1_23+33—43+etC :—E——(Z 1)%
8 4
1-2%4+3* —4* +etc. =0
C 26 _1)¢
1-2°+3°—4° +etc. _ )

1—2043% 4% etc. =
1—-27 43" —47 4 etc. =—— =-
etc.

These same sums are found by means of the method to sum series treated
above [§ 8] in which the signs + and — alternate.

§186 If one takes negative numbers for 7, the expression of the sums runs to

infinity. Let n = —1; the sum of the series will be
NS U S U S |
27371475 6" Tx

__1/1 A B C

2 <x T2 T hd e
Because here the constant cannot be defined from the case x = 0, it is to be
defined from another case. Put x = 1 and because of the sum = 1 and the
lower sign holds it will be

+ 2 —etc. | + Const
88 . .
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1/1 A B C
Const.:1—<1—2+—+etc.>

2 4 6
or
Const—1+é—§+£—2+etc
2 4 8 12 16 '

Or put x = 2; because of the sum =  and since the upper sign holds, one
will find

Const—1+1 L + B¢ + etc
T2 2\2 2.22 7 4.24 .26 '
or
Const—§— A + B — ¢ + D — etc
4 4.22 7 8.24 12.26  16-28 ’
But if one puts x = 4, it will be
Const—z— A + B — ¢ + b — etc
24 4.42 0 8.4%  12-46 ' 16-48 '

But no matter how the constant is defined, the same value will result for it,
which value at the same time will indicate the sum of the series continued to
infinity which is = In2.

§187 Additionally, from these new numbers A, B, C, D, E etc. the sums of
the series of the reciprocal powers in which only the odd numbers occur can
be summed in a convenient way. For, if one puts

1 1 1 1 1 _
1+ﬁ+3@+@+5@+6@+e’m—s
it will be
1 1 1 5
+ ZTH + 4@ + 6Tn + etc. = ZTn/
which subtracted from the other gives
1 1 1 B (22" —1)s
1—1—3@—1—5@%—%—{—& —ZT,

20



Because we exhibited the values of s for the single numbers n already above
(§ 125), it will be

1-1—-i-1 L l-I—etc.: A n—z
32 52 72 1-2 4
1++l+l+l+etc.: B -7-[—4
34 54 74 1-2-3-4 4
1++l+l+l+etc.: ¢ -7-[—6
36 56 76 1-2.3.---6 4
1++l +l +l +etc. = b -n—s
38 58 78 1-2-3---8 4
1+—|—L+i+i+etc.: £ n—z
310 510 710 1-2-3---10 4
etc.

But if all numbers enter the expression and the signs alternate, since it will be

1 1 1 (22" —1)s —s
T tam Tt T o
one will have
PR R S S N G SR GO - ) QU
22 32 4 52 ' 1-2 4 1-2
ot ot 1 1 B-28 o (2-1B
24 3% 44 54 ©1-2-3-4 4 1-2-3-4
P O L P cler IR N e
260 36 46 56 o 1-2---6 4 1-2---6
1,111 Do (P19
28 38 48 58 - 1-2---8 4 1-2---8
ottt 1 E-2¢ 7 (@-DeE o,
210 © 310 410 ° 510 ’ 1-2---10 4 1-2..-10
etc.

§188 As we up to now contemplated a series whose terms are the products of
terms from the geometric progression p, p?, p° etc. and terms of the arbitrary
series a, b, ¢ etc., so we will be able to investigate the series whose general
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terms are the products of terms of two arbitrary series of which the one is
assumed to be known. Let this series be known

1 2 3 z
A+B+C+---+72,

the other on the other hand unknown

a+b+c+---+z

and let the sum of this series be in question

Aa+Bb+Cc+ -+ Zz,

which we want to put = Zs. Let the penultimate term in the known series be
=Y and having put x — 1 instead of x the expression of the sum S.Zz will go
over into

y S_§+ dds d3s N d*s ete
dx = 2dx2  6dx®  24dx* ya

Since this sum expresses the series Zs diminished by the last term Zz, it will
be

Yds Ydds Yd3s
/s—7z=Ys— — tc.
s z * 7 Tix + 2dx2  6dx® +ete,

which equation contains the relation how the sum Zs depends on Y, Z and z.

§189 To resolve this equation at first neglect the differential terms and it will
be

— ZZ .

Z-Y
put this value 45 = P' and let the true sum be s = P' + p; having substituted
this value in the equation it will be

S

YdP'  YddP!
(Z—Y)p = — dx +W—etc.
Ydp  Yddp )
T e T
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add YP! on both sides, and since P! — ‘% + éﬂfﬁl —etc. is the value of P! which

results, if one puts x — 1 instead of x, let this value be P and it will be

Ydp Ydd
_ 1_yp_ 9P P_
(Z-=Y)p+YP =YP Ix + i etc.,
whence neglecting the differentials it will be

_Y(p-r)

Z-Y

Put Y(pr_fl) = Q' and let p = Q' + g; it will be

I I

(Z vy = YdQ +dqg)  Y(ddQ'+ddg)

dx 2dx?
and having put Q for the value of Q' which it obtains, if one writes x — 1
instead of x, it will be

. (_yo_ Ydq  Yddg
(Z-Y)g+YQ =YQ dx+2dx2

etc,,

whence neglecting the differentials it is

_v(Q-QY
1= —7°-v
Put Q-9 _ R and let the true value be g = R + d in simil
>y q r and in similar way one
will find
_ Y(R-RY)
S Z-Y '

and by proceeding this way the sum in question will be
Zs =Z(P'+ Q'+ R' +etc.).
§190 Therefore, having propounded any series

Aa+Bb+Cc+ -+ Yy+Zz

its sum will be defined the following way
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Put having put x —1 instead of x

7z _pl 1 .
— vy = P andlet P° gooverinto P
Y(P— P!
(Z—Y) =Q' andlet Q' gooverinto Q
Al
Y(ZQ— S ) =R!' andlet R! go over into R
_ pl
Y(ZR_;{) =S' andlet S go over into S

etc.
Having found these values the sum of the series will be

= ZP'+ 2Q"+ ZR' + ZS! + etc.

+ a constant which renders the sum = 0, if one puts x = 0, or what reduces
to the same which causes the sum to be correct in a certain case.

§191 This formula, since it does not contain any differentials, is in the most
cases applied most easily and will often even exhibit the true sum. So if this
series is propounded

p+4p>+9p° +16p* + - -+ 27p",

let Z=p*andz = x% it willbe Y = p* !l and ;4 = % and Yy = ﬁ.
Therefore, it will be
pl _ P¥ p _ PXx—2px+p
p—1 p—1
—2px + —2px+3
1_ —4pxTtp _ —~“P p
R R (i
2p 2p
R = R =
(p—1)° (p—1)°
s'=0

and all remaining vanish; therefore, the sum will be
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oo p¥ 2px—p 2r N\ p 2p
‘p<p—1 <p—1>2+<p—1>3> (p-17 (p—1p
o X 2 p+1 Y\ plp+1)
=7 (p—l <p—1>2+<p—1>3> (p-1p"

as we already found above [§ 176].

§192 In the same way we got to this expression of the sum we will be
able to find another expression, if the propounded series is not composed
of two others; this can mainly be used in those cases, in which one gets to
vanishing denominators in the preceding expression. Therefore, let this series
be propounded

1 2 3 4 X
s =a+b+c+d+ -+ +2z

since having put x — 1 instead of x the sum is truncated by the last term, it
will be

s—z—s—ﬁ%— dds — d’s + d’s —etc
- dx = 2dx2  6dx3  24dx* |

or

- @_ dds . d3s B d*s 4 ete

dx 2dx?2  6dx3 24dx* '
Since here the sum s does not occur, neglect the higher differentials and it will
be s = [ zdx; put [ zdx = P! whose value goes over into P, if one writes x — 1

for x, and let the true value be PL; it will be

Codx 2dx? " dx 2dx? v
since it is
dPl  ddpt
_pl_ % _
P=P Ix + 2dx2 etc.,
it will be
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d dd
z—PI+P:£—ﬁ+eth

whence it is

p:/(z—PI—P)dx.

If one further puts [(z — P!+ P)dx = Q! and this value goes over into Q
having put x — 1 instead of x, let

/(z—PI+P—QI+Q)dx:RI= QI—/(QI—Q)dxr
further
R _ /(RI ~ R)dx = §!

etc.; the sum in question will be

s= P+ QI + R'+ S+ ete. + Const.,

by means of which constant one single case is to be satisfied.

§193 Having changed the letters a little bit, this summation reduces to this.
Having propounded this series to be summed

1 2 3 4 x
s=a+b+c+d+ - +z

put having put x —1 instead of x

/ zdx =P andlet P gooverinto p
P — /(P —p)dx =Q andlet Q gooverinto ¢

Q- /(Q —q)dx =R andlet R gooverinto r

etc.

having found which values the sum in question will be
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s=P+Q+R+S+etc.

this expression will immediately show the sum, if these integral formulas can
be exhibited. To show its application by means of an example, let z = xx 4 x
and it will be

1 1 1 1 1
P=-x4+-xx, p=-—-xx+-, P-p=xx—_

3 2 3 2 6 6
and
1 1
/(P —p)dx = §x3 — gl
1 1 1
Q—Exx—l—gx, q—ixx—gxqtg, Q—q—x—g
and
/(Q— )dx = —xx 1x'
L S
1 1 1 1
R—Ex, r §x_2' R—r=~-
and

(R—r)dx = 1x,'
/ :

S = 0 and the remaining values vanish. Therefore, the sum in question will be

I 4+ lax
1 1 14 2 1
+ XX + gx = R baxt o= gx(x+1)(x+2).
+ 3%
And this way the sum of all series whose general terms are polynomial
functions of x can be found by means of iterated integrations. From these
considerations it is easily seen what a large field the doctrine of the summation

of series occupies and several volumes will not suffice to capture all methods
which already exist and which can still be thought of.
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§194 Up to now we investigated sums of series from the first term up to the
one whose index is x and if we know this sum, by putting x = co the sum of
the series continued to infinity also becomes known. But often this is achieved
more easily, if not the sum of terms from the first to that one whose index is
x but the sum of the terms from the one whose index is x up to infinity is
found; for, in this case especially the last expressions we found become more
tractable. Therefore, let a series be propounded whose general term or the one
corresponding to the index x we want to be = z, the following corresponding
to the index x + 1 then is = z! and the ones following after this one are z!!, z!!

etc. and let the sum of this infinite series be in question

x x+1 x+2 x+3 etc.
s=z + &+ ' 4+ M 4+ etc to infinity
Therefore, the sum s will be a function of x; if in this one puts x + 1 instead

of x, the first sum truncated by the term z will result. Since by means of this
change s goes over into

s+ E + % + etc
dx = 2dx2 v
it will be
s—z—s+§+dds+d3s+ d's + ds + etc
- dx = 2dx2  6dx3 = 24dx*  120dx° ’
or
ds dds d3s d*s d5s
O=z+ — + etc.

dx * 2dx? * 6dx3 + 24dx4 + 120dx>

§195 If we now argue as before, having neglected the higher differentials
it will be s = C — [ zdx. Therefore, put [ zdx = P and let the true value be
s = C— P+ p; it will be

dx 2dx? 6dx3

dp ddp = d&p
dx = 2dx? * 6dx3 Tete

Let P go over into P!, if one puts x + 1 instead of x, and it will be
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d dd a3
_ _pl, a4p p P
0=z+P P+dx+72dx2+—6dx3+etc.

Therefore, having neglected the higher differentials it will be p = [ (P! —
P)dx — P.Set [(P'—P)dx — P = —Q and let p = —Q + g; it will be

dQ ddQ dq  ddq

— _pl_*= _ A

0O=z+P-P Ix  2ds2 etc.+dx+2dx2—i—etc.

Let Q go over into Q! if one puts x + 1 instead of x, and it will be
dq  ddg

_ _pl el “q Ihiadar B
0=z+P-P+Q-Q+ -+ -5 +etc,

whence g = [(Q'— Q)dx — Q follows. Therefore, if the sign I attached to the
quantity denotes its value which it takes having put x + 1 instead of x, and
one puts

/zdx =P

P— [(P'=Pyx =Q
Q- [(Q'-Qux=R
R - /(RI—R)dx —5
etc.,
the sum of the propounded series z + z' 4 z!! + z!! + zIV + etc. will be

=C—P—-—Q—R—-S5—etc,

where the constant C has to defined in such a way that having put x = oo
the total sum vanishes. But since the application of this expression requires
integrations, it is not possible to show its use here.

§196 But to avoid integral formulas let us set the sum of the series = ys
while y is any known function of x whose values y!, y!! etc., which result by
putting x + 1, x + 2 etc. instead of x, will be known. If one now puts x 41
instead of x, the above series truncated by the first term will result, whose
sum will therefore be

29



! s+§+%+d3s +etc. | =ys—z
P\ dx T 24 T 6dd —7
or
I I 1735
yds ydds yd’s T
i dx+2dx2+6d3+etc v =y)s

—Pand

whence having neglected the differentials s =
let the true value be s = —P + p; it will be

B yldP B y'ddP B yld’p

—etc.
dx 2dx2  6dx3 = (y—o'
=W-v)p
ydp  y'ddp  y'dp
dx 2dx2  6dx3 '
and hence
I I 143
ydp yddp  ydp _oIpl oy D
dx + 22 + i +etc. =y (P —P)—(y —y)p.

SetQ—y )andletp—Q—Fq,ltwﬂlbe

d dd
Q' -Q)+y <dq +2dqz+et6) = - -y)q.
Put R = /(y = 9 and letbe g = —R + 7.

And if we proceed this way, the sum of the propounded series

z+ 20+ 204 24 2V et

will be found the following way. Having taken a function of x arbitrarily
which function we want to be = y, set

y4 Z
P =
Y-y Ay
1 1
y(P*—P) yAP
Q= + AP
Y-y Ay
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= +AQ
yl—y Ay
I(pl
s = VIRZR) _yAR g
v -y Ay
etc.

And hence the sum in question will be

=C—Py+ Qy — Ry + Sy — etc.

having taken a constant of such a kind for C that having put x = co the sum
vanishes.

§197 Assume y = a¥; because of y! = a**1 it will be y' —y = a*(a — 1),
whence it will become

I

z z
p=_* pl=— =
a*(a—1) a*tl(a —1)
Q- a(P' - P) _ z' —az ol = Z — gzt
a—1 a*(a—1)? a*tl(a —1)2
R — a(Q'- Q) _ Z — 2az' + aaz Rl — ZM — 247! + aaz!
a—1 a*(a—1)3 atl(a—1)?
a(R'—R)  zZM — 34zl + 34221 — 43
S = =
a—1 a*(a—1)4

etc.

Therefore, the sum of the propounded series will be

c z_ Zd—az 24zl 4422 M3zl 4 35221 — 32

i1 @12 @-1p (a—1) et

This same expression of the sum was indeed found already above in the
first chapter. Hence, by assuming other values for y infinitely many other
expressions can be found, whence the one, which is the most convenient in
each case, can be selected.
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